Abstract. Nested canalyzing functions have been studied recently in the context of Boolean network models of gene regulatory networks. This paper provides a parametrization for the class of nested canalyzing functions by the points of an algebraic variety over the field with two elements. This variety is defined by the set of relations that the coefficients of such a function need to satisfy. This set of relations can be considered as an algebraic model of the class of nested canalyzing functions. It is also shown that this algebraic model is interesting to study, since the set of relations generates a toric ideal. It is also shown that the class of nested canalyzing functions is the same as the class of unate cascade functions, which have been studied since the 1960s in engineering and computer science. In particular, this equivalence provides a formula for the number of nested canalyzing functions in a given number of variables.
Introduction
Canalyzing functions were introduced by S. Kauffman [10] as appropriate rules in Boolean network models of gene regulatory networks. The definition is reminiscent of the concept of "canalisation" introduced by the geneticist C. H. Waddington [21] to represent the ability of a genotype to produce the same phenotype regardless of environmental variability. Canalyzing functions are known to have other important applications in physics, engineering and biology. They have been used to study the convergence behavior of a class of nonlinear digital filters, called stack filters, which have applications in image and video processing [5; 22; 23] . Canalyzing functions also play an important role in the study of random Boolean networks [10; 12; 18; 19] , have been used extensively as models for dynamical systems as varied as gene regulatory networks [10] , evolution, [19] and chaos [12] . One important characteristic of canalyzing functions is that they exhibit a stabilizing effect on the dynamics of a system. For example, in [5] , it is shown that stack filters which are defined by canalyzing functions converge to a fixed point called a root signal after a finite number of passes. Moreira and Amaral [14] , showed that the dynamics of a Boolean network which operates according to canalyzing rules is robust with regard to small perturbations.
A special type of canalyzing function, so-called nested canalyzing functions (NCFs) were introduced recently in [8] , and it was shown in [9] that Boolean networks made from such functions show stable dynamic behavior. Nested canalyzing functions have received considerable attention recently. The goal of this paper is to initiate a structural study of the set of nested canalyzing functions by parametrizing the class of such functions by the points of an algebraic variety over the field with two elements. The variety is generated by a set of relations that the coefficients of an NCF need to satisfy. The ideal generated by these relations in the polynomial ring over the field with two elements has a very nice structure. Namely, it is the intersection of ideals corresponding to all possible choices of variable order in which a function is nested canalyzing. It turns out that each of these ideals is a toric ideal. Toric ideals have been studied extensively in algebraic geometry and combinatorics, and the results in this paper place nested canalyzing functions within this mathematically rich framework.
In a different guise, the class of nested canalyzing functions has been studied since the early 1960's in electrical engineering, under the name of unate cascade functions, see, e.g., [13; 15] . One of the results in Section 5 of the present paper shows the equivalence between these two classes. Furthermore, in [3] a formula was derived for the number of unate cascade functions, which therefore provides a formula for the number of nested canalyzing functions.
In [11] , a new method to reverse engineer gene regulatory networks from experimental data was introduced. The proposed modeling framework is that of time-discrete deterministic dynamical systems with a finite set of states for each of the variables. The number of states is chosen so as to support the structure of a finite field. One consequence is that each of the state transition functions can be represented by a polynomial function with coefficients in the finite field, thereby making available powerful computational tools from polynomial algebra. This class of dynamical systems in particular includes Boolean networks, when network nodes take on two states. It is straightforward to translate Boolean functions into polynomial form, with multiplication corresponding to AND, addition to XOR, and addition of the constant 1 to negation. We adopt the polynomial framework in this paper and exploit the resulting link to computational algebra and algebraic geometry. The motivation for the work in this paper was to characterize nested canalyzing functions in a way that allows their preferential selection in the algorithm in [11] .
Polynomial Form of nested canalyzing functions
We derive a polynomial representation of the class of Boolean nested canalyzing functions which we then use to identify necessary and sufficient relations among their coefficients.
Any Boolean function in n variables is a map f : {0, 1} n −→ {0, 1}. The set of all such maps, denoted by B n , is a ring with the exclusive or XOR for addition and the conjunction AND for multiplication.
Consider the polynomial ring 2 [x 1 , . . . , x n ] over the field 2 := {0, 1} with two elements. Let I be the ideal generated by the polynomials x 2 i − x i for all i = 1, . . . , n. For any Boolean function f ∈ B n , there is a unique polynomial g ∈ 2 [x 1 , . . . , x n ] such that g(a 1 , . . . , a n ) = f (a 1 , . . . , a n ) for all (a 1 , . . . , a n ) ∈ n 2 and such that the degree of each variable appearing in g is equal to 1. Namely
And it is straightforward to show that this equivalence extends to a ring isomorphism
From now on we will not distinguish between these two rings. We now recall the definitions of canalyzing and nested canalyzing functions from [9] . Definition 2.1. A canalyzing function is a Boolean function with the property that one of its inputs alone can determine the output value, for either "true" or "false" input. This input value is referred to as the canalyzing value, while the output value is the canalyzed value.
Example 2.2. The function f (x, y) = xy is a canalyzing function in the variable x with canalyzing value 0 and canalyzed value 0. However, the function f (x, y) = x + y is not canalyzing in either variable.
Nested canalyzing functions are a natural specialization of canalyzing functions. They arise from the question of what happens when the function does not get the canalyzing value as input but instead has to rely on its other inputs. Throughout this paper, when we refer to a function of n variables, we mean that f depends on all n variables. That is, for 1 ≤ i ≤ n, there exists (a 1 , . . . , a n ) ∈ n 2 such that f (a 1 , . . . , a i−1 , a i , a i+1 , . . . , a n ) = f (a 1 , . . . , a i−1 , 1 + a i , a i+1 , . . . , a n ). Definition 2.3. A Boolean function f in n variables is a nested canalyzing function(NCF) in the variable order x 1 , x 2 , . . . , x n with canalyzing input values a 1 , . . . , a n and canalyzed output values b 1 , . . . , b n , respectively, if it can be expressed in the form
and · · · and x n−1 = a n−1 and x n = a n , b n + 1 if x 1 = a 1 and · · · and x n = a n .
Example 2.4. The function f (x, y, z) = x(y − 1)z is nested canalyzing in the variable order x, y, z with canalyzing values 0,1,0 and canalyzed values 0,0,0, respectively. However, the function f (x, y, z, w) = xy(z + w) is not a nested canalyzing function because if x = 0 and y = 0, then the value of the function is not constant for any input values for either z or w.
Next we present and study the set of all Boolean nested canalyzing functions as a subset of the ring R of all Boolean functions.
The following theorem gives the polynomial form for canalyzing and nested canalyzing functions. 
(2) The function f is nested canalyzing in the order x 1 , x 2 , . . . , x n , with canalyzing values a i and corresponding canalyzed values b i , 1 ≤ i ≤ n, if and only if it has the polynomial form
Proof. 
We will show that g is the unique polynomial presentation of f , as in equation 2.1. Since the degree of each variable in g is equal to one, we only need to show that
We continue until we have c i = a i for all 1 ≤ i < n and c n = a n , where we get g(c 1 , . . . , c n ) = b n . If c i = a i for all i, then (c i − a i ) = 1 for all i and hence g(c 1 , . . . , c n ) = 1 + b n . Thus g is the unique polynomial presentation of f .
A Parametrization of nested canalyzing functions
In this section, we present necessary and sufficient relations among the coefficients of a nested canalyzing function whose variables are nested in a particular order. We then extend this result to nested canalyzing functions in any variable order.
Recall that the ring of Boolean functions is isomorphic to the quotient ring R = 2 [x 1 , . . . , x n ]/I, where I = x 2 i − x i : 1 ≤ i ≤ n . Indexing monomials by the subsets of [n] := {1, . . . , n} corresponding to the variables appearing in the monomial, we can write the elements of R as
As a vector space over 2 , R is isomorphic to 2 n 2 via the correspondence
for a given fixed total ordering of all square-free monomials. That is, a polynomial function corresponds to the vector of coefficients of the monomial summands. In this section we identify the set of nested canalyzing functions in R with a subset V ncf of 2 n 2 by imposing relations on the coordinates of its elements.
To illustrate the construction, we first consider the case of nested canalyzing functions in one and two input variables. A NCF with one input variable x 1 takes the form f (x 1 ) = x 1 or x 1 + 1. On the other hand, there are eight possible forms that a NCF with two input variables could take. These are x 1 x 2 , (x 1 + 1)x 2 , x 1 (x 2 + 1), (x 1 + 1)(x 2 + 1) and their respective negations. Note that all these polynomials have coefficient equal to 1 for the term x 1 x 2 .
Let S be any nonempty subset of [n]. We introduce a new term called the completion of S.
Definition 3.1. Let S be a set whose highest element is r S . The completion of S, which we denote by [r S ], is the set [r S ] := {1, 2, . . . , r S }.
The main result of this section is the following theorem.
Theorem 3.2. Let f be a Boolean polynomial with n ≥ 3 variables, given by
The polynomial f is a nested canalyzing function in the order x 1 , x 2 , . . . , x n if and only if c [n] = 1, and for any nonempty proper subset S ⊆ [n],
Proof. First assume that the polynomial f is a Boolean nested canalyzing function in the order x 1 , x 2 , . . . , x n , with input values a i and corresponding output values b i , 1 ≤ i ≤ n. Then, by part 2 of Theorem 2.5, it has the form (2.5).
We now equate corresponding coefficients in equations (3.3) and (2.5). First let S = [n]. Then, clearly, c [r S ] = 1. Next, consider subscripts of the form S = [n]\{i}, i = n, that is, coefficients of monomials of total degree n − 1 which contain x n . It is clear from equation (2.5) that x n only appears in the first product of equation (2.5), so that
Now let S be a nonempty index set. It is easily seen by expanding the products in equation (2.5) that
Finally,
This completes the proof that a nested canalyzing polynomial has to satisfy equation 3.4. Conversely, suppose that equation (3.4) holds for the coefficients of the polynomial f in equation (3.3) . We need to show that f is nested canalyzing. We let x 1 = c [n]\{1} = a 1 , substitute it into equation (3.3), and compare terms. Let ∅ = S ⊂ [n] be an index set that does not contain 1. Then
In particular, the product contains the factor c [n]\{1} , and it is clear that the term with coefficient c [r S ] cancels with the term with coefficient c S∪{1} upon substitution of c [n]\{1} for x 1 . Pairing up nonempty sets S not containing 1 with S ∪ {1} accounts for all nonempty subsets of [n] other than [1] .
Upon substitution, the term c [1] x 1 becomes c [1] c [n]\{1} , a constant. Thus, the substitution
That is, f is canalyzing in x 1 . Now suppose that x 1 = a 1 + 1. Then set x 2 = c [n]\{2} . We substitute these values for x 1 and x 2 into f and again compare terms, as before. With an identical argument applied to {2, . . . , n} instead of {1, . . . , n}, we see that all nonconstant terms cancel and we obtain the constant 
Continuing in this fashion, we obtain that f is nested canalyzing with input values
The following corollary gives the canalyzing input and canalyzed output values in terms of the coefficients of a nested canalyzing function. 
Corollary 3.5. Let f be a Boolean polynomial with n ≥ 3 variables, given by equation (3.3). If the polynomial f is a nested canalyzing function in the order
for 2 ≤ i ≤ n − 1 and (3.11)
Proof. Equation (3.9) follows from equation (3.5), equation (3.10) follows from equation (3.6), and equation (3.11) follows from equation (3.7). Lastly, in equation (2.4), we observe that the variable x n−1 appears only in the first and second group of products. In particular, c 12...(n−1) = c [n−1] = −a n + b n − b n−1 , and hence equation (3.12) follows.
Remark 3.6. Equations (3.9)-(3.11) imply that the input values a i and output values b i , 1 ≤ i ≤ n − 1, are determined uniquely by the coefficients of the polynomial f . Equation (3.12) implies that there are two sets of values for a n and b n which will yield the same nested canalyzing function f . Example 3.7. We give here some examples of relationships between coefficients of NCFs in n variables, nested in the order x 1 , x 2 , . . . , x n for some small values of n. We now extend Theorem 3.2 to the general case when the variables are nested in any given order. For this, we will need to extend the definition of completion of a set S with respect to any permutation of its elements. 
Proof. We follow the same argument as in the proof of Theorem 3.2, where we impose the order relation < σ on the elements of [n] and we replace all occurrences of the subscript i by σ(i) and [r S ] by [r σ S ].
Corollary 3.10. The set of points in 2 n 2 corresponding to nested canalyzing functions in the variable order x σ(1) , x σ(2) , . . . , x σ(n) , denoted by V ncf σ , is defined by
The following corollary is an extension of Corollary 3.5 and gives the input and output values of a Boolean NCF whose variables are nested in the order specified by some permutation σ. 
for 2 ≤ i ≤ n − 1 and (3.17)
Proof. This follows from Corollary 3.5, where we replace all occurrences of subscript i by σ(i) and [r] by [r σ ].
Using Corollaries 3.4, 3.10, and the correspondence (3.2), it is easy to see that
In the next section we study the variety V ncf , whose points parametrize all nested canalyzing functions in n variables.
The Variety of Nested Canalyzing Functions
Since 2 is a finite field, V ncf and V ncf σ are algebraic varieties for all permutations σ on [n]. We call V ncf the variety of nested canalyzing functions and V ncf σ the variety of nested canalyzing functions in the variable order x σ(1) , . . . , x σ(n) . As mentioned earlier, the ideal of relations satisfied by the coefficients of a nested canalyzing function can be viewed as an algebraic model of the class of nested canalyzing functions. If this algebraic model has an interesting structure, then it can be studied with the tools of algebra and algebraic geometry, and its properties can help gain insight into the class of nested canalyzing functions. Ideals and their corresponding varieties are best studied over algebraically closed fields. In this section we show that the variety V ncf σ defined by the ideal of relations over the algebraic closure of is the union of irreducible components, each of which is defined by an ideal I σ for a particular variable order. That is, I σ is a binomial prime ideal and, therefore, a toric ideal [20, p. 31] . Toric ideals and their varieties have much interesting structure, which can shed light on the class of nested canalyzing functions.
We show that for all permutations σ on [n], the ideal of the variety V By the correspondence (3.2) and Corollary 3.10, the ideal
is generated by the relations (3.13). That is,
It is enough to show that the ideal I id is prime, since I σ becomes I id after permuting the indexing set [n] by σ.
Let 
But φ(c S ) = c S for all S ∈ T . Thus
, and S / ∈ T .
is an integral domain, the following is straightforward. 
NCFs are Unate Cascade Functions
We show that Boolean NCFs are equivalent to unate cascade functions. Unate cascade functions have been defined and studied [13; 15] as a special class of fanout-free functions which are used in the design and synthesis of logic circuits and switching theory [4; 6] . Definition 5.1. A Boolean function f is a unate cascade function if it can be represented as 
and let a n ∈ 2 be such that a * n = 1. Then it is easy to check that f is a nested canalyzing function in the variable order x 1 , . . . , x n with the canalyzing input a i and the canalyzed output a * i . Conversely, we show that any NCF is a unate cascade. Let f be a nested canalyzing function in the variable order x 1 , . . . , x n with the canalyzing input a i and the canalyzed output b i , we show that f is a unate cascade. By Theorem 2.5, f has the polynomial form (2.4). In particular,
It follows that Hence f 2 (x 2 , . . . , x n ) = x * 2 ♦ 2 f 3 (x 3 , . . . , x n ), and therefore, f (x 1 , . . . , x n ) = x * 1 ♦ 1 (x * 2 ♦ 2 f 3 (x 3 , . . . , x n )). Continuing in this fashion, we show that f (x 1 , x 2 , . . . , x n ) = x * 1 ♦ 1 (x * 2 ♦ 2 (. . . (x * n−1 ♦ n−1 x * n )) . . .).
Several papers have been dedicated to counting the number of certain fanout-free functions including the unate cascade functions [2; 3; 6; 16; 17] . On the other hand, Just et. al. [7] , gave a formula for the number of canalyzing functions.
Bender and Butler [3] and Sasao and Kinoshita [17] independently found the number of unate cascade functions, among other fanout-free functions. As an immediate result of Theorem 5.2, we know the number of NCFs in n variables, for a given value of n. We use the recursive formula found by Sasao and Kinoshita [17] , in the following corollary. For example, the number of Boolean NCFs (unate cascade functions) on n variables for n ≤ 8 is given by Table 2 , which is part of the tables given by Sasao and Kinoshita [17] and also Bender and Butler [3] . [4] , which makes them efficient in logic circuits design.
